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We compute the Vilkovisky-DeWitt effective potential of a simplified version of the Standard Electroweak Model, where all charged 
boson fields as well as the bottom-quark field are neglected. The effective potential obtained in this formalism is gauge-independent. 
We derive from the effective potential the mass bound of the Higgs boson. The result is compared to its counterpart obtained from 
the ordinary effective potential. 



1 Introduction 



The gauge dependence of the effective potential was first 
pointed out by Jackiw in early seventies!!. This finding 
raised concerns on the physical significance of the effec- 
ive potential. In a later work by Dolan and Jackiw 
the effective potential of scalar QED was calculated 
in a set of gauges. It was concluded that only the 
limiting unitary gauge gives sensible result on sponta- 
neous symmetry-breaking. This difficulty was partially 
resolved by the work of Nielseia. In his paper, Nielsen de- 
rived a simple identity characterizing the mean-field and 
the gauge-fixing-parameter dependences of the effective 
potential, namely, 



0. 



(1) 



where £ is the parameter appearing in the gauge-fixing 
term L g f = — ■^(d^A^) 2 . The above identity implies 
that the local extrema of V for different £ are located 
along the same characteristic curve on ((f), £) plane, which 
satisfies d£ = c(t\)/£, ' ^ence covariant gauges with 
different £ are equally good for computing V . JDn the 
other hand, a choice of the multi-parameter gaugda L g f — 
— ^(d^A^ + (701 + pfo) 2 would break the homogeneity 
of Eq. (ljj. Hence effective potential calulated in this 
gauge has no physical significance. 

Recently it was pointed ouO that the Higgs mass 
bound as derived from the effective potential is gauge- 
dependent. The gauge dependence enters in the calcula- 
tion of one-loop effective potential, a quantity that is cru- 
cial for the determination of the Higgs mass bound, ^oy- 
anovsky, Loinaz and Willey has proposed a resolution! to 
the gauge dependence of the Higgs mass bound. Their 
approach is based upon the Physical Effective Poten- 
tial constructed as the expectation value of the Hamil- 
tonian in physical states]. The effective potential of the 
abelian Higgs model is computed explicitly as an illustra- 
tion. However, this formalism requires the identification 
of first-class constraints in the theory and a projection to 
the physical states. Such a procedure necessarily breaks 



the manifest Lorentz invariance of the theory. Conse- 
quently we expect it is highly non-trivial to apply this 
formalism to the Standard Model(SM). 

In our worlH, we introduce the formalism of 
Vilkovisky and DeWitt 0i3 for constructing an gauge- 
independent effective potential, and therefore obtaining a 
gauge-independent lower bound for— the Higgs mass. We 
present the idea with a toy modeli3 which corresponds 
to neglect all charged boson fields in the SM. The gen- 
eralization to the full SM is straightforward. In fact, 
the applicability of Vilkovisky-DeWitt formulation to 
non-abelian gauge theories has been extensively demon- 
strated in literatures!^. 

The outline of this presentation is as follows. In Sec- 
tion 2, we briefly review the formalism of Vilkovisky and 
DeWitt using scalar QED as an example. We shall illus- 
trate that the effective action of Vilkovisky and DeWitt 
is equivalent to the ordinarypfiffective action constructed 
in the Landau-DeWitt gaugcJ. In Section 3, we calculate 
the effective potential of the simplified standard model, 
and the relevant renormalization constants of the theory 
using the Landau-DeWitt gauge. The effective potential 
is then extended to large vacuum expectation value of 
the scalar field by means of renormalization group anal- 
yses. In Section 4, the mass bound of the Higgs boson is 
derived and compared to that given by oridinary effective 
action. Section 5 is the conclusion. 

2 Vilkovisky-DeWitt Effective Action of Scalar 
QED 

The formulation of Vilkovisky-DeWitt efective action is 
motivated by the parametrization dependence of the or- 
dinary effective action, which can be written generically 
as 



? i - oL 

exp-r[$]=cxp-(W/[j]+<E> 1 — ) 



= / [D<f>]exp~(S[ 



The parametrization dependence of the ordinary effective 
action arises because the difference = — 0*) is 



1 



not a vector in the field configuration space, hence the 
product rf ■ is not a scalar under reparametrization. 
The remedy to this probleirLJ-S to replace —rf with a 
two-point function o l {<&, <j))uun which, at the point $, is 
tangent to the geodesic connecting <i> and <j>. The precise 
form of a 1 ($,</>) depends on the connection Tj k of the 
configuration space. It is easy to show tha£3 



-T i jk rf V k + 0( V 3 ). 



(3) 



For scalar QED described by the Lagrangian: 
L = ~F fil/ F^ + (D^(D^) 



with = <9 M 



ieA^ and 4> = 



- we have 



V 1 = 
Jk [jk 



T 



(4) 



(5) 



where { ? k j is the Christoffel symbol of the field configu- 
ration space which has the following metric: 



G<t>a{x)<t>b{v) = ^abS i (x - y), 
G All {x)A„{y) = -9 >lu 5 A {x - y), 

G All (x)4> a (y) = 0. 



(6) 



We note that the metric of the field configuration space 
is determined by the quadratic part of the Lagrangian 
according to the prescription of Vilkoviskp. In the above 
flat-metric, we have { = 0. However, the Christtoffel 
symbols would be non-vanishing in the parametrization 
with polar variables p and \ such that <f>i = p cos x & n d 
4>2 = j° sm X- Tjk ^ s a q uan tity pertinent to generators g % a 
of the gauge transformation. Explicitly, we havJE 



T] k = -BfD k gi + -gP a D p K} 3 BfB'^ + j 



(7) 



where B? = N al3 g k p with N a ^ being the inverse of 
N a fj = g^g^Gki- In scalar QED, the generators g l a are 
given by 



-e ab <f> h {x)5\x - y), 



fJ 



(8) 



with e 12 = 1. The one-loop effective action of scalar 
QED can be calculated from Eq. (Q) with the quantum 
fluctuations rf replaced by cr* cf>). The result is written 
a£3: 



Y\ x d4>(x)Vdet G, and is the modified inverse- 

propagator: 



S 2 S 



D- 1 = 



r^,i 



(10) 



To study the symmetry-breaking behaviour of the theory, 
we focus on the effective potential which can be obtained 
from r[<&] by setting the classical fields $'s to constants. 

The Vilkovisky -DeWitt effective potential of scalar 
QED has been calculated in various-gauges and differ- 
ent parametrizations of scalar fields The results 
all agree with one another. In this work, we calculate 
the effective potential_and other relevant quantities in 
Landau-DeWitt gaugfiS, which is characterized by the 
gauge-fixing term: L g f = —^(d^B^ — ierf& + ie&rj) 2 , 



with £ 



0. In L 



gf- 



B» 



- , and rj 



are quantum fluctuations while A^ and <!> are classical 
fields. The advantage of performing calculations in the 
Landau-DeWitt gauge is that Tj fc vanisheaa in this case. 
In other words, Vilkovisky-DeWitt formalism coincides 
with the conventional one in the Landau-DeWitt gauge. 

For computing the effective potential, we choose 
A^j = and <& = i.e. the imaginary part of $ is 
set to zero. In this set of background fields, L g f can be 
written as 



\f = (?^d v B v - 2ep clX d^ + e 2 p 2 clX 2 ) , 



(11) 

where x is the quantum field defined by rj = . We 
note that B^ — \ mixing in L g f is £ dependent, and 
therefore would not cancell out the corresponding mixing 
term in the classical Lagrangian of Eq. ([|) . This induces 
the mixed-propagator such as < 0\T(A tl (x)x{y))\0 > or 
< 0\T( X (x)A f ,(y))\0 >. The Faddeev-Popov ghost La- 
grangian is given by 



L 



FP 



*l o2 2 2 \ 



(12) 



With each part of the Lagrangian determined, we are 
ready to compute the effective potential. Since we choose 
a flat-metric, the one-loop effective potential is com- 
pletely determined by the modified inverse propagators 
Z?ytl From Eqs. (g), ([□]) and (|TJ), we arrive at 



D 



B U B V 



(-k 2 + e 2 pl)g^ + (1 - ~)k»k v 



DbI x = i^ep (l - -), 



= S[<f>] - — In det G + — In det D\ 



(9) 



where is the tree-level effective action; In det G 

arises from the function space measure [D<f>] = 



(k 2 



2 1 2 2\ 



D u *u - (k 2 -e 2 p 2 y 2 , 



(13) 
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where we have set p c i = po, which is a space-time in- 
dependent constant, and defined rriQ — \{p% — 2p, 2 ), 
m 2 H = A(3/?q — 2p 2 ). Using the definition Flpo] = 
(27r) 4 <5 4 (0)Ve // (po) along with Eqs. (§) and (||), and 
taking the limit £ — * 0, we obtain V e ff(po) = Vt re e(po) + 
V 1 -i oop (po) with 



Vi — loop (Po) 



2 2\n-3 



~ ~2~ y 

x (fc 2 - m^)(fc 2 - m 2 ,)^ 2 - m 2 .)], (14) 



where and m 2 



are solutions of the quadratic equation 
(fc 2 ) 2 — (2e 2 p'l l +m 2 j)k 2 +e 4 pQ = 0. In the above equation, 
the gauge-boson's degree of freedom has been continued 
to n — 3 in order to preserve the relevant Ward identities. 
Our expression of Vi_i oop (/9o)j-^gree with previous results 
obtained in the unitary gaugaLa. One could also calculate 
the effective potential in the ghost-free covariant gauges 
with L g f = —-^(d^B^) 2 . The cancellation of gauge- 
parameter dependence in the effective potential has been 
demonstrated in the case of massless scalar-QED with 
p 2 = (tJ'E2l. It can be easily extended to the massive 
case. 

It is instructive to rewrite Eq. (|14|) as 



Vl-l 00 p(po) — 2 



(2tt 

+ (J+Qt) + LU-{k) 



- (in - 3)uj B (k) + LU H (k) 



(15) 



where ws(fc) = 

LO ± {k) = JP 



k 2 + e 2 pl, uj H (k) 



k 2 



•h 



and 



One can see that V\. 



loop 



is a sum 



of the zero-point energies of four excitations with masses 
tub = epo, Wjy, m + and m_. Since there are precisely 
four physical degrees of freedom in scalar QED, we see 
that Vilkovisky-DeWitt effective potential does exhibit a 
correct number of physical degrees of freedom. 

3 Vilkovisky-DeWitt Effective Potential of the 
Simplified Standard Model 

In this section, we compute the effective potential of the 
simplified standard model where charged boson fields and 
all fermion fields except the top quark field are discarded. 
The gauge interactions of this model are prescribed by 
the following covariant derivatives!^: 

2 

D M tL = {dp + ighZy, - -ieA^)t L , 



DptR = (dp + igiiZ^ - -ieA^)t R , 
Dn<f> = (d„ + i{g L - g R )Z tl )cj), 



(16) 



where g L = (-fli/2 + 32/3), gn = ,g 2 /3 with g 1 = 
gj cos 8w and <?2 = 2etan6*vK- Clearly this toy model 



exhibits a U(1)a x U(l)z symmetry where each U(l) 
symmetry is associated with a neutral gauge boson. The 
[/(l)z-charges of it, t R and <fi are related in such a way 
that the following Yukawa interactions are invariant un- 
der U(1) A x U(l) z : 



Ly = -ytL&R - yt R (j)*t L . 



(17) 



Since Vilkosvisky-DeWitt effective action coincides with 
ordinary effective action calculated in the Landau- 
DeWitt gauge, we hence calculate the effective potential 
in this gauge which has 



1 



I.,/ = -^(^"+^ t *-f *^) a 
2>^' 



(18) 



with a, ft — > 0. We note that and are quantum 
fluctuations associated with the photon and the Z bo- 
son. Their classical backgrounds can be set to zero for 
computing the effective potential. Following the method 
of the previous section, we obtain 



Vvd(po) = g J J^y^T (( n - 3 )^( fc ) + ^(k) 



(19) 



k 2 + ■ 



when 



TP 2 o, m± 



with U>i(k) — -y n ~r "<>i nuac ui z — 

m 2 z + \{tOq ± rtiQ \J ttIq + 4m 2 z ) and m 2 F 
Performing the integration in Eq. (|l^) and subtracting 
the infinities with MS prescription, we obtain 



2 2 

™2 _ y Po 
"h — 



Vvd{po) 



64tt ; 



■ (mjj In ■ 



H 



hi- 



I IV I A IfO A III j 

In — f- + m_ In — 4m* In — |-) 



;{3m 4 H 
+ \2m 2 G m z - \2m\ 



I287T 2 

,2 m 2 



5171% 



3m% 



(20) 



Although Vvd(po) is obtained in the Landau-DeWitt 
gauge, we should stress that any other gauge with non- 
vanishing Tj k should lead to the same result. For later 
comparisons, let us write down the ordinary effective po- 
tential in the ghost-free Landau gaugm (equivalent to re- 
moving the scalar part of Eq. (|18|)): 



Vl(po) 



(2?r) n - 



(n - l)ujz(k) + LUH(k) 



(21) 



Performing the integrations in Vl and subtracting the 
infinities give 

1 9 ? 

V M = ^(m 4 H In -f + 3m| In -f 



3 



In- 



4iB( In 



K 2 ' 



128tt : 



■(3m% + 5m| + 3m 4 . - 12m^). (22) 



We remark that Vl differs from Vy d except at the point 
of extremum where p\ = 2p 2 . At this point, one has 



% = and ml 



which leads to Vvd(po = 2/x ) 



m 

Vl(Po = ^M 2 )- That Vvd = Vi, at the point of extremum 
is a consequence of Nielsen identities! 

To derive the Higgs mass bound from Vvd(Po) or 
Vl{pq), one encounters a breakdown of the perturbation 

theory at, for instance, hi > 1 for a large po. To 
extend the validity of the effective potential for a large po, 
the effective potential has to be improved by the renoma- 
lization group(RG) analysis. Let us denote the effective 
potential generically as V e ff. The renormalization-piale 
independence of V e f / implies the following equatiorMlta: 



d 



d 



d 



- (7p + 1)^+4J V eff (tpl,»,g, K ) = 0. (23) 

where g denotes collectively the coupling constants A, g±, 
<?2 and y; p l is an arbitrarily chosen initial value for po- 
Solving this differential equation gives 



Ant 



V eff(tpl,P*,gi,K) = exp 



-dx 



Jo 1 + lp(?) 
x V e ff(pi,fi(t,p,i),g(t,gi),K), (24) 

where 



dg_ s (g(t)) with§{0) 



dt l+ lp {g(t)) 



(25) 



and 



M (t, Mi) = Mi exp ( - ' l±jMdx) (26) 

To fully determine V e j f at large po , we need to calculate 
(3 functions of A, g\, g2 and y, and the anomalous di- 
mensions 7 M and 7 P . It has been demonstrated that the 
n-loop effective-uatential is improved by (n + l)-loop (3 
and 7 functionairEl Since the cffcctvc potential is cal- 
culated to the one-loop order, a consistent RG analysis 
requires the knowledge of (3 and 7 functions up to two 
loops. As the computation of two- loop (3 and 7 functions 
are quite involved, we will simply improve the tree-level 
effective potential with one- loop f3 and 7 functions. 

We have the following one-loop (3 and 7 functions in 
the Landau-DeWitt gauge (we will set h = 1 from this 
point on): 



ft 



' / ^-3A 3 2 -2y 4 + 4A 2/ 2 + 20A 2 



16tt 2 \8 





Si 1 

47T 2 " 


r 9x 

CJ 1 

v 16 " 
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4^2 1 


's? 

,16 


Py = 


— ( 


V- 






'3A 


7m = 


2^2 




1p = 


1 

64tt 2 


(-59 



9192 

18 

gm 

18 

.,2 



s| 
27 

s| 
27 



2 _ M _L 9i92 \ 
+ 12 ' 



128 32 



jr. 
8A 



(27) 



We stress that all the above functions except j p , the 
anomalous dimension of the scalar held, are in fact gauge- 
independent in the MS subtraction scheme. For j p in the 
Landau gauge, we have 



7 P 



64tt 2 



(-3 3 2 + Ay 2 ) 



(28) 



4 The Higgs Mass Bound 



The lower bound of the Higgs mass can be derived from 
the vacuum instability condition for the effective poten- 
tial. To derive the mass bound, one begins with Eq. (24) 
which implies 



VW*Po> A*i> A *) = jX(*)A(t, A,) {{plf 



with x(t) 



exp 



(Ant 



2M 2 (*,Mi)) , 
(29) 

Since p(t,pi) de- 



creases as t increases, we have Vt re e(tp\), Pi, Aj) ~ 
^x(*)A(i, Ai)(pg) 4 for a sufficiently large t. Similarly, 
the one-loop effective potential Vi-i 00 p(tp}„ fa, g\, k) is 
also proportional to Vi-i 00 p(po, M(ij Mi); s(*) 9i)i K ) with 
the same proportional constant as in Vtree- Since 
we shall neglect all running effects in Vi-i oop , we have 
ff(^Si) = 9% and m(*>M») = 7 Mi m Vi_i 00 p. For a suffi- 
ciently large t, we can again approximate Vi-i oop by its 
quartic terms. In the Landau-DeWitt gauge with the 
choice Pq = k, we have 



V VD 



(Ph) 4 

64tt 2 



9A 2 ln(3Ai) 



16 v 4 



^4+ (ffii,Ai)ln A + (gu,Xi) 
A 2 _ (g u , Aj)lnA_(pn, A,) 



-(10A 2 + A i5l l 



48 



4 

Sli 



*?)], (30) 



where A±( 5l , A) = 5l 2 /4+A/2-(l± v /l + g 2 /X). Similarly, 
the effective potential in the Landau gauge reads: 

Vl - ^[9A?ln(3A l} + ^ ln(f ) " ln(f ) 
+ A 2 ln(A,) - ^(10A 2 + \ l9 2 u + - yf)}, (31) 



4 



Combining the tree level and the one-loop effective po- 
tential, we arrive at 

Veffitpi^gt, k) « (A(t, A,-) + AA(ft)) (Po) 4 , 

(32) 

where AA denotes one-loop corrections given by Eqs. 
(30) or (31). Let tyi = pvi/po- The condition-for vac- 
uum instability of the effective potential is therBa 



X(t V i,Xi) + AX(gi) = 0. 



(33) 



RG improvement of the effective potential. A gauge- 
independent lower bound for the Higgs self-coupling or 
equivalently the MS mass of the Higgs boson is derived. 
We compare this bound to that obtained by the ordinary 
effective potential computed in Landau gauge. The nu- 
merical values of both bounds are almost identical due to 
the leading-logarithmic approximation we have taken. A 
complete next-to-leading analysis as well as an extension 
of this work to the full standard model will be reported 
in future publications. 



We note that couplings g~i in AA is evaluated at k = 
Pq, which can be taken as the electroweak scale. Hence 
gu = gj cos 9w — 0.67, gn = 2etan9w = 0.31, and 
Ui = 1. The running coupling X(tvi, Ai) also de pen ds on 
gx, gn and y through /3a, and 7 P shown in Eq. ([27]). 

The strategy for solving Eq. (|33|) is to make an initial 
guess on Ai, which enters into X(t) and AA, and repeat- 
edly adjusting Ai till A(t) completely cancells AA. For 
tyj = 10 2 (or po w 10 4 GeV) which is the new-physics 
scale reachable by LHC, we find Aj = 4.83 x 10~ 2 for 
Landau-DeWitt gauge, and Ai = 4.8 x 10~ 2 for Landau 
gauge. For a higher instability scale such as the scale of 
grand unification, we have tyi = 10 13 or po w 10 15 GeV. 
In this case, we find Ai = 3.13 x 10 _1 for both Landau- 
DeWitt and Landau gauges. The numerical agreement 
between Ai 's of two gauges can be attributed to an iden- 
tical (3 function for the running of A(i), and a small dif- 
ference in AA between two gauges. We recall from Eq. 
( pB| ) that the evolution of A in two gauges will be differ- 
ent if effects of next-to-leading logarithm are taken into 
account. In that case, the difference in 7 P between two 
gauges give rise to different evolutions for A. One may 
expect to see non-negligible differences in Ai between two 
gauges for a large tyi- 

The critical value A; = 4.83 x 10~ 2 corresponds to a 
lower bound for the MS mass of the Higgs boson. Since 
ran = 2\/A/x, we have (mfi)^ > 77 GeV. For Aj = 

3.13 x 10 _1 , we have {m H )jjs - 196 GeV - To obtain the 
lower bound for the physical mass of the Higgs boson, 
finite radiative corrections must be added to the above 
boundftll. We will not pursue any further on these finite 
corrections since we are simply dealing with a toy model. 
However we like to point out that this finite correction is 
gauge-independent as ensured by Nielsen identities! 



5 Conclusion 

We have computed the one-loop effective potential of 
an abelian U(l) x U(l) model in the Landau-DeWitt 
gauge, which reproduces the result given by the gauge- 
independent Vilkovisky-DeWitt formalism. One-loop 
(3 and 7 functions are also computed to facilitate the 
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